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Introduction

1. Statement of the problem

The classical theory of dynamical systems (DS) has usually been concerned with flows, that
is, systems with continuous time. However, since Poincaré it has been well known that it is
generally sufficient to confine oneself to the study of systems with discrete time, i.e. not flows
but mappings. Accordingly, by a DS (X, T) in this paper we mean one of two objects:

1. A continuous mapping T: X — X of a compact topological space X into itself (a topological
DS).

2. A single-valued mapping T': X — X of a space X equipped with a o-algebra of measurable
sets, measurable with respect to that o-algebra (a metric DS).

Interest in the problems of the theory of dynamical systems, especially heightened in the
last 10-20 years, has been stimulated by the fact that the results and methods of this theory
find direct application in problems of classical mechanics, statistical physics, and in a number
of applied disciplines (in particular, in information theory). At present the consideration of
various characteristics of a dynamical system associated with the concept of entropy introduced
by A. N. Kolmogorov [10] is especially popular. This entropy is called metric; the authors of
[18] introduced the notion of topological entropy.



Many facts of the entropy aspect of the theory of dynamical systems allow one to regard the
entropy of a dynamical system as a certain measure of its complexity.

On the other hand, every dynamical system consists of individual trajectories of generally
different nature and complexity. For example, trajectories may be periodic and wandering,
recurrent, regular, and so on. It is intuitively clear that the global complexity of the system (i.e.
its entropy) should be related in some way to the complexity of its individual trajectories.

In order to give precise meaning to this assertion, one must first of all give a mathematically
rigorous definition of the notion of “complexity of a trajectory”.

In the present paper! such a definition is based, on the one hand, on the ideas of the method
of symbolic dynamics (a classical method going back to Hadamard and Morse), and, on the
other hand, makes use of the concept of algorithmic complezity of a finite object introduced
by A. N. Kolmogorov in his paper [10]| devoted to a new foundation of probability theory and
information theory.

Using a combination of these two notions, one associates with every trajectory of a topological
dynamical system a nonnegative real number K (z,T) characterizing the degree of complexity
of the behavior of this trajectory in the phase space of the system.

2. The main results of the paper

The main results of the paper consist in establishing connections between the introduced notion
of complexity of a trajectory and such traditional notions of the theory of dynamical systems as
metric and topological entropy, decomposition into ergodic sets, and others. In particular, the
following theorems are proved in the paper:

Theorem 3.1. For every ergodic measure L,
K(z,T) = hu(T)
for p-almost all x € X.

Theorem 3.2. For every point x € X,
K(x,T) < hy(z).

Here h,(T) is the metric entropy (with respect to the measure p) of the DS (X, T'), and
hr(z) is the entropy of a point in the sense of Kamae [24] (that is, hr(2) = sup,cvy.(z) (1),
where V() is the set of individual measures corresponding to the point = in the framework of
the Krylov—Bogolyubov theory).

In particular, by Theorem 3.2 the complexity of any trajectory does not exceed the topological
entropy of the system.

3. Historical survey

We briefly dwell on results bearing in some degree on our subject. Apparently the first problem
of this kind arose in information theory, and the first result in this direction was Shannon’s
result on the complexity of coding messages of a discrete ergodic source. However, Shannon’s
results, like several others, were essentially incomplete, primarily because of the absence of a
mathematically rigorous definition of the notion of “complexity of a message”. Such a definition
was given, as already mentioned, in the language of algorithm theory by A. N. Kolmogorov
in 1965. The survey paper [7] gives many examples showing the fruitfulness of considering

LA brief presentation of some results of the present paper in somewhat different notation is contained in the
note [5].



Kolmogorov-type complexity characteristics for probability theory and information theory. In
addition, that paper contains several assertions relating entropy and complexity characteristics
within those disciplines. In particular, the method of proof of Theorem 5.1 of [7], due to
A. N. Kolmogorov, is essentially used in our paper, and an assertion of L. A. Levin announced
in [7] served as one of the stimuli for the appearance of the present paper, and can be interpreted
as a special case of the situation occurring for metric DS of general type considered in [5].

As for the theory of dynamical systems itself, in it the study of various characteristics and
properties of individual trajectories has always been extremely popular. It suffices to mention
such classical theorems as the Poincaré—Carathéodory theorem on recurrence, the Birkhoff-
Khinchin ergodic theorem, the Shannon—McMillan—Breiman theorem, and others. By now a
certain number of characteristics of an individual trajectory have accumulated, connected in
one way or another with the complexity of behavior of that trajectory in the phase space of
the system. A comparative analysis of these characteristics is given in §4 of the present paper,
where, in particular, the question of the connection of complexity of a trajectory with the notion
of randomness in the sense of Martin-Lof, generally accepted at present, is examined.

In conclusion I consider it my duty to express my deep gratitude to | V. M. Alekseev‘ under

whose direction this work was carried out. I am also grateful to E. I. Dinaburg, Ya. G. Sinai,
A. M. Stépin, A. T. Tagi-Zade and M. V. Yakobson for useful remarks.

§0. Basic concepts and facts used in the paper

1

Both in the metric and in the topological case, the space X is assumed to be equipped with a o-
algebra 90 consisting of measurable (respectively Borel) sets, invariant under the transformation
T. In the set M (X) of all normalized measures defined on the o-algebra 9t we denote by M (X, T))
and EM (X, T) the subsets formed by the invariant and the ergodic measures of the DS (X, T).
Following [12]|, we shall call a set A € 9 a set of invariant measure zero if p(A) = 0 for every
we MX,T).

A quadruple (X, M, T, pu) with p € M(X,T) defines a dynamical system in the sense of
ergodic theory.

At present there is a known number of survey papers devoted to the entropy aspect of the
theory of dynamical systems; the terminology and notation are well established. We therefore
find it possible to omit the definitions and description of the basic properties of the familiar
entropy characteristics (we follow [20], without specific references), and to touch only briefly on
the method of symbolic dynamics. The main attention will be devoted to questions related to
the consideration of the notion of algorithmic complexity in the sense of Kolmogorov, relatively
recently introduced and not traditional for the theory of DS.

Let 2 = {A;}ic.e be a covering of the space X, and
Ay =27 ={w={wi)}iez+ : w(i) €L forallicZt}
The shift transformation o: Ay — A ¢ is defined by
0=o0(w) <= @(i) =w(i+1) forall i € ZT.
The mapping @g: X — A is constructed as follows:
w=A{w(i)}iez+ € pu(x) < T'w € Ay for all i € Z*.

The method of symbolic dynamics in the above or somewhat different form has been used
by many authors; in particular it is set out in detail in the monograph of V. M. Alekseev [1]|. In



particular, o(€Qy) C Qg , where Qy is the image of the space X under the mapping vg, i.e.

Qg = {w €hg: () T ' Au # @}.

i€t

The DS (Q4q,0) is called the symbolic model of the DS (X, T) corresponding to the cover
2. A pair (Q,0), where  is an arbitrary invariant Borel? subset of A, is called a symbolic
dynamical system. In what follows we shall consider not only elements w € € but also their
finite segments, putting by definition:

WEN) = L)V = w(K)w(K +1).. . w(N - 1);

W = ON)

)

QN ={WV: weql.
In addition, we denote by
Cw TN = (& = {@(i) }ieps : @(i) = w(i) for K <i< N —1}

the cylinders in the space A ¢.

If a partition® B = {B;};c.¢ is measurable, then the additive function fi defined on the family
of cylinders
{CWEN)Y: weAy; K,NeZ, K <N}

by
N-1
ACIN) = () T Augp)
=K

can be extended (by the classical Kolmogorov theorem) to a measure iz on the space Ag.
Moreover, if p € M(X,T) (n € EM(X,T)), then ig € M(Ag,0) (ig € EM(Ag,0)).

2

We now turn to the description of the notion of algorithmic complexity of a finite object. Let
A be a computable function (algorithm) defined on some subset of the space of all finite words
(programs) over the alphabet {0,1} and taking values in the set of finite words over some finite
alphabet .. We denote by [(p) the length of a word p, i.e. the number of letters in it. The
complexity K4(s) of a word s with respect to the function A is defined by

0, it A(p) # s for all p.

In [10] it is shown that there exists a computable function B such that for any other computable
function A and any word s,
Kp(s) < Ka(s) + Ca,

where C4 is a constant depending on A (but not on s).

Such a function B will be called asymptotically optimal (a.opt.f.). In the same paper it is
proposed to fix one such function and denote complexity with respect to it simply by K(s).

In the present paper an analogous characteristic is considered for words of infinite length
(sequences).

It is assumed that A ¢ is equipped with the Tikhonov topology.
3A cover A = {A;}ice is called a partition if A; N A; = @ for all i # 5.



Definition 0.1. The complezity of a sequence w = {w(%)};cz+ is the number

K(w) = limsup M

n—00 n
The following simple but technically important statement follows directly from this definition.

Proposition 0.2. For any computable function A and any infinite word w,
K(w) < Ka(w);
moreover, if A is an a. opt. f., then equality holds.

In what follows we shall often use the natural correspondence between words over the al-
phabet {0,1} and integers that arises from the binary representation of the latter. Thus, for
example,

00, 11, 2«10, 3«11, ...

If p=p1)p2)...p(k) and ¢ = q(1)q(2)...q(l) are words, then by pg and p we denote respec-
tively the words

p=p(1)p(1)...p(k)p(k)O1.

The latter notation will help us in the sequel to distinguish the words p and ¢ separately within
the word pq.

The following simple relations hold:

l(pg) = 1(p) + U(q);
1(p) = 2U(p) +2;
card{p : I(p) = n} = 2";

card{p : I(p) < r} < 2+,

Here and below, [r] denotes the integer part of the number 7.

§1 Symbolic dynamical systems

Throughout this section we shall consider symbolic DS (2, o), with the alphabet .2 (Q C Ay»)
assumed to be finite. Our main goal is the proof of the following theorem.

Theorem 1.1. If p € EM(Q,0), then

for p-almost all w € Q).

The proof of this theorem breaks up into a series of successive lemmas. The first of them is
well known.

Lemma 1.2. If & = {1,2,...,k}, Ai = {w : w(0) = i} and A = {41, As,..., A}, then
hu(o | ) = h,(o, A | Q) for any measure p € M(§2,0).
Analogously, if (2, 0) is a topological DS, then

h(o | Q) = h(o, 2 | Q).



Lemma 1.3. If & = o*w for some k € ZF, then K(@) = K(w).

Proof. Let A be an arbitrary a.opt.f. Define a computable function A’ = A’(p) whose value on
words of the form p = p1paps is obtained in three stages:

1. Write out the word A(ps).

2. Interpret the word py as the number of symbols on the left that must be discarded in the
word A(ps).

3. Prepend the word A(p;) to the left of what remains after step 2.

The resulting word is taken as A’(p).

Now let a word p be such that A(p) = W'tk Put p1 = @, let po = k stand for the number
k, and p, = p1P2pn. Then A'(p,) = @™ and

K@) < 2(0(k) +1) + 6 4+ K4 (W),

1.e.

<€ n Ka(™™*) n+k

Kw) < Kygy(w) < 1i
@) < Ka(®) < lim n n+k n

n—oo

) < Kaw) = K(w).

The reverse inequality is obtained analogously, taking p, = p1pap, with A(p1) = w¥, po = 0 and
A(py) ="k, O

Lemma 1.4 (Corollary of 1.3). The sets A = {w: Kw) =t}, 4 = {w: KWw) < t},
Ay ={w: K(w) >t} are invariant under the shift transformation o.

Lemma 1.5. The sets Ay, At, At are measurable.

Proof. We show measurability of the set A; (the others are handled analogously). Indeed,
o o
Ay={w:Kw) <t} =J J MN{w: K@w") < (t—1/k)n}.
k=1 N=1n>N

But for fixed k and n the set in braces is a union of a finite number of cylinders, and hence is
measurable; therefore so is the set Aj. O

Lemma 1.6. If p € EM(Q,0), then K(w) > hy,(0) for p-almost all w € Q.
Proof. Suppose the contrary. Put

Q={w: K@) <hu(o)}, pQ#0.

By Lemmas 1.3 and 1.4 the set @ is invariant and measurable; consequently u@ = 1 (by
ergodicity of p). We have the decomposition @ = |J,cz+ @, Where

Qr ={w: K(w) < hy(o) —1/r}.

Since the sets @, are also invariant and measurable, and moreover

Q1 CQ2C... and U Qr = Q,

reZ+t

there exists R such that uQr = 1. In turn,

Qr=J Qra:
k=1

6



where Qp = {w : K(w') < (h,(c)—1/R)1 for all | > k}. Analogously there exists K such that
for k> K, pQprr >1—0 (6 > 0 arbitrary).

Further, let ¢ < min(1/R,1 — ), and let N = N(e) and the sets A, and B, satisfy the
condition of the well-known consequence of the Shannon-McMillan—Breiman theorem (see e.g.
[2]). In other words, for all n > N we have Q = A,, U B,,, with p(A4,) < ¢, and for any w € B,

o hu()te) < (O(w™)) < 27 hulo)=e),

Put
ng = QrirNAy, QRr=QrkN By

Since ng C Ag, for all k£ > max(N(¢e), K),
pQpr < pA, <e and pQR,>1-6—¢>0. (%)
On the other hand, if w € Qg?k, then K (w*) < k(h,(o) — 1/R). Hence,
card{wh : w € ng} < 9k(hu(e)=1/R)+1

and
M(Q}%,k) < 2k’(hu(o)fl/R)+l . 27k(hu(0)75) < 2k’(571/R)+1.

Therefore limy_,oo #(Q% ;) = 0, contradicting (x). The proof is complete. O

Lemma 1.7. Let 8 ={Bi,..., By} be a finite measurable partition; r,k € Z*. Put

pr,k(w ") = ZE(:NO—T)//’C] XB,, (UikJrrw)
" [n/k] ’

where xp,, is the characteristic function of the set By,. Then for any k € Z" and any measure
w € EM(Q,0) the following two statements are simultaneously true for p-almost all w € Q:

(a) For all1 <m < M there exists
prf(w) = lim ppf(w,n).
n—oo
(b) There exists r < k such that

M
— S pF(w) log i (w) < Hu(B).
m=1

Proof. Indeed, since u € EM(Q,0), we have u € M(Q,0F), and the validity of (a) follows
directly from the Birkhoff-Khinchin ergodic theorem. From the same theorem it follows that

for p-almost all w € €,
pg%l(w) = u(By) foralll<m< M.

But then the validity of (b) for the same w follows from the concavity of entropy and the equality

B

—1
piF(w) = pdt(w).

x| =
.
I
o



Lemma 1.8 (obvious). If t, = kn + r is an arithmetic progression, then

tn
K(w) = limsup Kw™)

n—oo n

Lemma 1.9. If p € EM(Q,0), then
K(w) < hy(o)
for p-almost all w € Q.

Proof. The proof uses a simple modification of a construction used by Kolmogorov (see [7,
Theorem 5.3]). We shall assume that all words w* (w € Q, k arbitrary) are ordered, e.g.
lexicographically. Now fix some k and represent an arbitrary word w™ (n =ik +r, r < k) in the
form

k k k

W' = wiwiwy .. Wy

Denote by s; = sj(w™) the number of times the j-th word of the set Q¥ occurs among the words

wF (1 < s < i). The set of numbers {s; = sj(w")}j]\/il, where M = card{QF}, is called the

frequency set of the word w™. Moreover, we denote by h(w™) the logarithm of the number of all
words of length n having the same frequency set as w", i.e.
hw") =1 1!
w") =log ——
& sil.osal’

and by N(w™) the index of w™ among these words.

Finally, it is clear that there exist R € Z" and a computable function Ay = Ag(p) such that
K, (w') < R for any w if t < k. Then the word w" is uniquely recovered from the set of numbers

{kaivsla .. '7SM7T7A61(WS)7N(wn)}7

or what is the same, from the binary word

p=Fkis ... 507 Ay (wh) log N(w™).

We shall call the computable function A* effecting this encoding of the word w™ into the
word p the frequency-encoding function. Thus,

M
Kae(@™) < 2(1(k) +1(0) + D U(sm) +1(r) + R) + h(w™),

or, since

for all m, we have

Applying Stirling’s formula

we get




in the notation of Lemma 1.7,
M
h(w™) < —i Z PR (w, n) log phk(w, n).
m=1

But then, by Lemmas 1.7 and 1.8, for p-almost all w,

H
K(w) < Ko () < 2200 0
where B, = {B1, ..., By} is the partition into all cylinders of length k, i.e. B = {C(w)}ucq.
The validity of Lemma 1.9 now easily follows from the arbitrariness of k in inequality (1) and
Lemma 1.2. The proof is complete. O

Theorem 1.1 obviously follows from Lemmas 1.6 and 1.9.

The statement of Theorem 1.1, besides its independent interest, in combination with known
facts of the entropy theory of DS, allows us to answer a number of questions that remain open
in the purely topological treatment of symbolic DS.

Proposition 1.10. We have earlier shown (see Theorem 5.4 of [1]) that for any w € Q,
K(w) < Hw) < h(o | 9),

where H(w) is the combinatorial entropy of w. If now pps is the measure of mazimal entropy
(such a measure always exists for a symbolic DS), then for ppyr-almost all w € Q,

K(w) = H(w) = h(o | Q).
Proposition 1.11. There exist minimal DS for which

K (w) # const.

The validity of this assertion follows from the existence of minimal DS (for which H(w) =
h(o | 2)) admitting invariant measures with different entropies (see [20]) and the assertion of
Theorem 1.1.

Further development of these questions can be found in §4 of this article.

It seems interesting to consider the question of a constructive description of sequences whose
complexity does not exceed the entropy. An answer to this question within the framework of
restrictions adopted in information theory is given in the following assertion. Note that its proof
is a “translation” into the complexity language of the proof of Shannon’s classical result (see [15,
Theorem 4]).

Proposition 1.12. If u € EM(Q,0) is a computable measure (see the definition in [7]) and wp
“satisfies” the Shannon—-McMillan—Breiman theorem, that is,

lim —(1/n) log u(C(w})) = hu(o),

n—oo

then K(wo) < hu(o).

Proof. Let the function A = A(p) be defined on words p = p1py so that if p; = n, ps = k, then
A(p) = w™ if and only if the cylinder C'(w™) has index k among all cylinders C(w™) ordered (by
decreasing magnitude) according to their measures. Note that computability of A follows from
computability of the measure p. Suppose K (wg) > h' > hy (o). Then, since K(wo) > K(wp),
there exists a sequence {n;};cz+ such that for all n;

Ka(w(?) > nh/.



Since
Ka(wpy') < 2logn; +1og(N,(wi?)),

where N, (w(") is the index of the cylinder C(w(") according to its measure, we have

Jim 28We(0))
12— 00 n;
Set
P(wy’) = {w" : Ny(w™) < Nyu(wi')}
and put

Sw= 3 nC™)).

w™i 6@(0.)3"‘)

In view of the normalization of u,
w(Sy,) <1 forallicZ™.

On the other hand,

log S, log([2""'] - pu(C(wy
i—oo Ty 1—00 s
The proof of Proposition 1.12 is complete. O

§2 Properties of the quantity K(z,7 | 2) — the complexity of
the trajectory of a point x relative to a cover 2

In this section, for an arbitrary DS, the notion of complexity of a trajectory relative to a cover
is introduced and studied. We note that the results of this section, besides their auxiliary
character (they are essentially used in §3 — the main section of the present work), are also
of independent interest, allowing one, in particular, to estimate the complexity of the classical
Sturmian trajectories of Hedlund—Morse.

Definition 2.1. Let 2 = {A;,..., A} be a finite cover of X. The quantity

K(z,T |2) =limsup(l/n) min K(w")

n—00 wEpy ()

will be called the complezity of the trajectory of the point x € X relative to the cover 2.

The quantity K (z,T | 2() possesses the following entropy-like properties:
Proposition 2.2. K(z,T |24) < K(x,T | 22) if A2 > 2.
Proposition 2.3. K(z,T |2, V) < K(z,T | 24) + K(x,T | 2As).
Proposition 2.4. K(x,T | A¥) = K(x, T | A) for any k € Z*.

We prove Property 2.2 (the proofs of the other properties are analogous).
Let Qll = {Al, ce ,Ak}, 2[2 = {AII, . ,AE} and Q[l < Q[Q.
Clearly there exists a computable function Ag: {1,...,l1} — {1,...,k} such that if Ag(j) = 1,

then A;- C A;. If now A is an arbitrary a.opt.f., then A = Ago A is computable and, moreover,

if A(p) € {(¢a, ()"}, then A(p) € {(oa, (x))"}. From this, by the arbitrariness of n, we obtain
Property 2.2.

The following simple but extremely useful statement holds.

10



Proposition 2.5. K(z,T | ) < inf,c,, @) K(w); in particular, if % is a partition, then
K(z,T | A) = K(pa(z)).

Analogously to the fact that for almost all sequences of a symbolic DS the complexity coin-
cided with the entropy, for the complexity of a trajectory relative to a partition we have:

Lemma 2.6. Let 8 be a finite measurable partition and p € EM(X,T). Then for u-almost all
reX,

K(z,T|B)=hu(T,B).

Proof. As already noted in §0, if p € EM(X,T), then g € EM(§g,0); it is well known that
in that case h, (T, 3) = hgz; (0 [ 23). But by Theorem 1.1

f{w € Qg : K(w) = hy(T, 8)}) = 1.
Put Q = @51(95). For x € Q,

K(z,T | B) = K(ps(x)) = hyu(T, B).
Hence pu@ = pgflg = 1. O
Corollary 2.7. If u € EM(X,T) and 3 is a generator for the measure u, then for p-almost all

reX,
and for any partition 3 the set
Q={z:K(z,T|p)> sup hu(T)}
nEM(X,T)

has invariant measure zero.

Throughout the remainder of §2 the quantity sup,cx K (z,T | ) is investigated.
The first of the statements relating to this circle of questions looks somewhat unexpected.

Proposition 2.8. For any non-periodic point xo € X and any number N € Z there exists a
finite measurable partition 5 such that

K(zo,T | B) = log N.

Proof. Let wo € An—{0,1,..n—1} and K(wy) = log N (such sequences form a set of full measure
by Theorem 1.1). For each ¢ (0 <7 < N — 1) form the set

B; = {x € X : there exists k € Z* such that T*zg = = and wy(k) =i}
and put
N-1
By =X\ | B
i=0
It is easy to see that the partition f = {Bj,..., By} is measurable and ¢g(zg) = wo, i.e.
K(x0,T | 8) =1logN. O

Note that it is precisely Proposition 2.8 that prevents one from introducing the concept
K (z,T) — the simple (without a cover) complexity of a trajectory — in the traditional entropy-
theoretic manner, by putting

K(z,T) =sup K(z,T | 8),

where sup is taken over all finite measurable partitions of X.

Another, also entropy-theoretic, approach to introducing the quantity K (x,T’) for metric DS
is presented in [5] (there this quantity is denoted by K%(z,T)).

In what follows we shall assume that (X, T) is a topological dynamical system.

11



Proposition 2.9. If u = {Uy,...,U;} is a finite open cover, then for all x € X,
K(z, T |u) < h(T,u).

Proof. Indeed, let i/ > h(T,u); then there exist N € Z* and a cover @ (a subcover of the cover
u™N) such that logcard{u} < h’- N. Since @ is a cover, there exists w € ¢, (z) such that for all
keZ™,

Uu(eny N T Uens1) N - N TN U vy €

Hence, by Lemma 1.8, Proposition 2.5 and the properties of complexity, we obtain

K(wNF) < log card u

.
< N <

1
K(z,T|u) < Nlimsup

k—o0 k

O

Returning to the case of a partition, we present two estimates for the quantity sup,¢ y K (z,T |
20), based respectively on a topological and a metric estimate of the massivity of the set

WE) ={x¢€ /L'ﬂ/ij; i£J}
— the boundary of the cover 2.

Proposition 2.10. Let Sy be the dynamical analogue of the index of a cover considered in [4]
(there it is denoted simply S). The estimate

Se > sup K(z,T | A) — h(T)
zeX

holds.

Proposition 2.11. If the set W(21) has invariant measure zero, then K(z,T |2A) < h(T).

Proof. In [22] it is shown that under the hypotheses of Proposition 2.11 there exists a measure
v € M(X,T) such that h(o | Qy) = h,(T,2). But then by the Dinaburg-Goodwyn theorem
and the inequality K(w) < h(o | ©2), we have

K(w) < h(T) forall we Qq.
But if w € Qq, then a fortiori w € Qg i.e.
Kz, T | ) = K(pa(x)) < W(T).
O]

With the help of Proposition 2.11 one can estimate the complexity of the classical Sturmian
trajectories of Hedlund—Morse (see [26]). Indeed, let X = [0,1) be the unit circle,and T: X — X
the rotation by an angle a (i.e. x — =z + «; « irrational). It is well known that such a DS is
strictly ergodic; its unique invariant measure m is the usual Lebesgue measure, and h,,,(T') = 0.
Further, denote by 5 = {Bj,..., By} the partition determined by the condition B; = [r;, ri+1),
where

O=ri<r<...<rppy =1

The elements of the space Qg are called Sturmian trajectories. Since m(W(B)) = m({ro,r1,...,rk41}) =
0, by 2.11 we obtain

Corollary 2.12. For all x € X, K(z,T | B) = K(pg(z)) =0, i.e. the complezity of Sturmian
trajectories equals zero.
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§3 Complexity of trajectories of a topological dynamical system

In this section, with each trajectory of a topological dynamical system we shall associate a
number K(z,T) characterizing the degree of complexity of the behavior of this trajectory in
the phase space of the system. In so doing, two main statements of the present paper will be
established, namely

Theorem 3.1. If p € EM(X,T), then
K(z,T) = hu(T)
for p-almost all x € X.

Theorem 3.2. For any point ¢ € X,
K(z,T) < hr(z),

where hp(x) is the entropy of the point x in the sense of Kamae [24].

1. Definition

The quantity
K(z,T)=sup K(z,T | u),
u

where the sup is taken over all finite open covers of the space X, will be called the complexity
of the trajectory of the point x.

Remark. Although the present definition makes sense for arbitrary topological DS, most of the
results of §3 are obtained under the assumption that X is a metric compactum.

All covers considered below are assumed to be open and finite.

In my view, the following statement (not used in the sequel) is curious:

Proposition 3.3 (proof omitted). Let the DS (X,T) and (Y, S) be topologically conjugate, with
m: X =Y the conjugating homeomorphism and 7w(x) =y. Then

K(z,T) = K(y, 5).
From Properties 2.2, 2.4, 2.6 and well-known properties of topological DS we obtain:
Proposition 3.4. If lim; .o d(u;) = 0 for a family of covers, then

K(z,T) = sup K(x,T | u;).
i€zt

Corollary 3.5. If a cover u is a topological generator of the DS (X, T), then
K(z,T)=K(z,T | u),
and in particular, for a symbolic DS,
K(w,0) = K(w).

Proposition 3.6. For allx € X,
K(z,T) < h(T).

13



Remark. Sharpening Proposition 3.6, one can show that K(z,T) < h(T | O(z)), where O(x)
is the closure of the trajectory of the point x. A substantially sharper estimate of the complexity
of a concrete trajectory is given in Theorem 3.2.

We also note that consideration of the simplest examples of DS not possessing a measure of
mazimal entropy shows that there may not exist trajectories of mazimal complexity, i.e. it is not
excluded that K(z,T) < h(T) for all z € X.

Our immediate goal is the proof of Theorem 3.1.
We present auxiliary results.

Definition 3.7. A set A € 9 will be called p-continuous if u(rA) = 0, where vA denotes the
boundary of A.

A cover u = {Uy,...,Ux} will be called p-continuous if all the sets U; (1 < i < k) are
p-continuous.

Lemma 3.8. For any cover u there exists a p-continuous cover v such that v > u.

Proof. Let §(u) be the Lebesgue number of the cover u. For each point x € X there exists a
neighborhood O(z) such that d(O(z)) < § and the set O(z) will be p-continuous. For the cover
0 = {O(x)}rex of the compactum X by such sets, there is a finite subcover v, which is the
required one. O

Corollary 3.9. From Property 2.2 and Lemma 3.8 it follows that
K(z,T) =sup K(z,T | u),
where sup is taken only over u-continuous covers u of the compactum X.
Lemma 3.10. For any cover u and any € > 0 there exists a cover v such that:
1. v >u;
2. v 15 p-continuous,

3. w(W(v)) < e, where, as before,

W) ={ze|JVinV;}.
i#£]

Proof. By Lemma 3.8 there exists a p-continuous cover v’ > u. We now describe an iterative pro-

cedure by which we obtain the required cover v from v’. Let M = card v’ (i.e. v/ = {V1,...,Vis})
and g9 < e/M?. At each step of the iteration we choose a pair of sets such that (VN VJ’“) > €g
and construct a cover vFtt = {VFTL L VEFL where VAL = VE for s # j and ij+1 cVF,
with:

1. Vf“ is p-continuous;
k+1 k+1
2. ,LL(V; N V; ) < €p-

It is clear that the iterative process so defined ends in a finite number of steps, and the resulting
cover v is the required one.

We describe a step of the iteration. By the p-continuity of the sets Vlk and ij , there exists
a p-continuous open set O;; such that

Oij D) l/(‘/lk N V;k) and /L(Oij) < £p-

14



Put
VI = (VA VH U (04 V).

It is easy to see that the set ijﬂ is open, p-continuous, and moreover,
p(VII N VE) < w(0y)) < eo.
O

In what follows, for a cover u = {Uj,...,Upy} we denote by [(u) the partition of the
compactum X into sets B; (1 <1i < M) defined by

By =Uy;
By = Uy \ Uy;
M—1
By =Uu\ |J Ui
i=1

Lemma 3.11 (obvious). If a cover u is pu-continuous, then so are the covers
Bw), T~ (w), w™, 5% (u).

We shall need the following standard construction from the theory of dynamical systems.
To every point x € X and number n € Z* we associate a measure p, , defined by

1
Hazn = E((Sw + 5Tz +...+ 5T'nflz)7

where §, is the measure concentrated at the point x.

It is well known (see [12, 20]) that for any x € X the set Vp(z) — the limit set (in the weak
topology) of the family of measures {jiz n},cz+ — possesses two properties, namely:

1. VT(.I) #+ O;
2. Vi(z) C M(X,T).

By an ergodic decomposition of the dynamical system (X,T') one means a representation of
X in the following form:

x= |J MuN,
pEEM(X,T)
where
l.zeM, < Vr(z)={u}h
2. u(M,) =1for any p € EM(X,T);

3. the set NN is of invariant measure zero.

In the next two lemmas the relationship between the concept of p-continuity of a set and the
decomposition of the space X into ergodic sets is established. The first of them is well known.

Lemma 3.12. If a sequence of measures u; converges (in the weak topology) to a measure
(u; = 1), then for every p-continuous set B,

lim p:(B) = u(B).

i—00
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Lemma 3.13. Let p € EM(X,T), i its upper measure, B a p-continuous set with u(B) < T.
Then for every € > 0 there exists an integer L such that the set

Pr={z:p, (B) <7 forl>L}
satisfies pPr, > 1 —¢.

Proof. Indeed, for all x € M,,, by Lemma 3.12, limy_, o t;(B) = p(B). Thus for each z € M,
there exists L(z) such that
pz1(B) <1 forl> L(z).

Denote P, = {z : v € M, and L(x) < k}; then
PCPC... and |JP=M,.
k=1

Now the existence of a number L with the required properties follows from a well-known measure-
theoretic theorem. O

The proof and role of Lemma 3.14 are analogous to the proof and place of Lemmas 1.4
and 1.5 in §1.

Lemma 3.14. The sets Xy, = {z : K(z,T | u) < t} are invariant and measurable for all
t e RT.

Lemma 3.15. Let p € EM(X,T). For p-almost all v € X,
K(z,T) = hy,(T).

Proof. Indeed, suppose there exists b’ < h,(T) such that u(Xp = {z : K(z,T) < h'}) # 0.
Consequently, for any cover v and any € > 0, by arguments analogous to the proof of Lemma 1.10,
we obtain the existence of a number kg € Z* such that p(Zg, /) > 1 — &, where

Ziow = {x: min K(W*) < k-h for k> ko}.
0 { Wk e{ (b ()} J

For each k € Z* define a mapping ¢y, : X — QF as follows:

w € Yup(z) <= wh € QF and K(wh) = weglp,ir(lw)} K(W").

Note that for each fixed k > ko,
card{ty k(Zpp )} < 2PHHL (1)
Without loss of generality, we may assume that:

1. the cover u is u-continuous;
2. u(W(u)) <7 (r >0, arbitrary);
3. hu(T, B(uw)) > W +e (W +e < h,(T)).

Then by Lemma 3.13 there exists L such that uPr, > 1—e¢. Finally, by virtue of the consequence
of the Shannon-McMillan-Breiman theorem, 2g(,) = A, U By, and for n > N(e):

1. w(By) >1—¢,
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2. u(C(w")) > 2~ (TBW)+e) for o € B,,.
Of course,
card{w : w € B, } < 2nhu(TBw)+e),
Put S, = Zyp N Py N gog(lu)(Bn).
For n > R = max(ko, L, N(g)) we have u(S,) > 1 — 3e. Since S,, C Z,, j, for n > R,
card{®, n, = {Yyn(x) : 2z € Sp}} < gnh' 1 (2)

On the other hand, if x € S,,, then z € gogl )(Bn) and for n > R

(u
card{ (g ()" : @ € Sp} > (1 - 3¢) - onlhu(T(w)=e), (3)
Put O (z,n) = card{(¢u(z))"}; then from (3) we obtain:

Z @B(u) (x,n) > (1 —3e)- on(hu(T,B(u))—e)
€Sy

On the other hand, from (2)

Y Oswlen)= Y D Opu(mn) <2 max )T Ogy(@,n).

n 1 W"G(I)u,n 1
TES) W€Dy n TE€Yg b (W™) TEPy h(w™)
Q?ESn .TESn

Thus, for each n > R there exists w" € ®,,,, such that

Gw") = Z Op(uy(@,n) > (1 — 3¢) - 2nu(TAW)=e=hD =1
2€Yun(w™)
€S
Consequently,
lim log(max G(w™))

n—+00 n

> hy(T, B(u)) —e —h > 0. (4)

However, if n > R, x € Sy, and moreover w" € {Yun(7)}, 0" = {(¢g@)(x))"}, then the
words
w'=w(0)...w(n—1) and w,=w(0)...w(n—1)
may differ in not more than n7 places, since xz € P,.
Consequently, for any w" € ®,, ,,

6= X O < (1) w

xew;}, (w™)
€S,

in this formula M = card u. Applying Stirling’s formula, we obtain for sufficiently large n

log G(w" -
log G(w") < T(log Ty log M) +o(1) (5)
n T
also for any wy, € @y .
But since
. 1—171
lim T(log + log M) =0,
70 T
(5) contradicts (4). The proof of Lemma 3.15 is complete. O

Lemma 3.16. Let p € EM(X,T). Then K(x,T) < hy(T) for p-almost all x € X.
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Proof. Let {u;};cz+ be a countable family of covers with lim; .o d(u;) = 0. Then for all z € X,
by Properties 3.4 and 2.5,

K(2,T) = sup K(2,T | w) < sup K (2, T | B(u;))
€Lt [{=y/an

and hence, for p-almost all x € X, by Lemma 2.6,

K(2,T) < sup hy(T, B(w:)) < hy(T).

i€zt

Theorem 3.1 follows directly from Lemmas 3.15 and 3.16.
Of independent interest is

Proposition 3.17. The partition of the space X into level sets of the function K(x,T) is
measurable and invariant.

Proof. For a family of covers {u;};ez+ (lim;o0 d(u;) = 0), denote

R};i ={z: K(z,T |u;) >t—1/k},
Ry, ={x: K(z,T | u) <t+1/k}.

By Lemma 3.14 the sets Ri,i and E}fm- are invariant and measurable. Consequently, so are the
sets

R'=(JRL;, and R'= ()&}
k=1i=1 k=1i=1
and so is X; = {r : K(z,T) =t} = RIE N R". O

Remark: Later, in Proposition 3.20, the relationship of the decomposition of the space X into
the sets Xy with the ergodic decomposition of the DS (X, T) is established.

2. Estimating the complexity of a concrete trajectory

Definition 3.18 (T. Kamae [24]). The number

hr(z) = sup hu(T)
rEVT ()

will be called the entropy of the point x; if hp(x) = 0, the point z is called deterministic.

Theorem 3.2. For any point ¢ € X,
K(z,T) < hp(x).
Proof. Suppose the contrary: let g € X and b’ be such that
K(z0,T) > h' > hr(xo).

Then it is not hard to show that there exist: a cover u, a sequence {ng} (limy_, nx = 00), and
a measure 1o € Vp(zg) such that simultaneously

L. limsup,,, o (1/nk) Mingmk ey, (zo))mr} K (W) > B

2. Hag,ny = Ho;
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3. the cover u is pg-continuous;

4. the sequence {ny} has the special form ny = ty - ko, where t;, € ZT, and kg is such that
Hyo (80 (u)) < ko - M.

From 1) it follows that

o K (s (@)™)

N —00 ng

> I, (1)

where (u), as before, denotes the partition obtained from the cover w.
On the other hand, putting

i Z[(” 7)/k] (Tik—é—rxo)
pB (.%'0, ) [n/k] ’

from 2) and 3), by Lemma 3.12, for any B € g*o(u),

nignoopg (o, ) = po(B). (2)
And since for all ng of our form
ko 1
— Z Py Mo (20, nz,) p%l(fvomk), (3)

by the continuity and concavity of entropy and relations (2) and (3), we conclude that for any
sufficiently large ny there exists r = r(ny) such that

- Z P (20, ny,) log ply™® (wo, i) < (h’ k)k0+0(nk)
Bepko(u) 0

< k' ng + o(ng).
But then, for the same ny, for the frequency-encoding function A* constructed in the proof of
Theorem 3.1, we obtain:
i Ka+((a(u)(z0))"™*)
im sup

N} —00 ng

which contradicts (1). O

<n,

Corollary 3.19. (a) Ifx € M,, then K(z,T) < h,(T).
(b) If x is deterministic, then K(xz,T) = 0.
Remarks. 1. The inequality in Theorem 3.2 can be strict (see §4, Example 4.3.2).

2. The estimate of K(x,T) given by Theorem 3.2 is sharper than the estimate of Proposi-
tion 3.6, since by the Dinaburg-Goodwyn theorem hr(x) < h(T | O(z)); the latter inequal-
ity can also be strict (see §4, Example 4.2.2).

In conclusion of this section we note that Theorems 3.1 and 3.2 indicate the existence of a
close connection between the decomposition of the space into level sets of the function K (z,T)
and the classical decomposition of a DS into ergodic sets.

Proposition 3.20. Let

Wt:{ U M, h()<75}7 X, ={z:K(z,T) <t};
peEM(X,T)
then Xy DO Wy, and the set X, \Wt is of invariant measure zero (but possibly non-empty — see

Ezample 4.3.2).
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§4 On various approaches to the notion of a typical (complex,
random) trajectory

It seems beyond doubt that at the present time many researchers working in the most diverse
parts of the theory of dynamical systems have run into “complexity” questions. However, the
naturally arising diversity of complexity-related characteristics in the absence of a universal
measure of complexity makes the exchange of ideas and results between various aspects of the
theory of dynamical systems difficult.

In the present section the author has set himself the goal of bringing together and giving, as
far as possible, a uniform analysis of some “complexity” characteristics of the theory of dynamical
systems. As before, we shall not draw distinctions between the notions of point, trajectory, and
sequence where this does not lead to misunderstanding.

The first question on the typicality of a trajectory was considered by A. Poincaré. The set of
wandering points which he singled out turned out to be a set of the first category and of invariant
measure zero. After the appearance of works by Birkhoff, Krylov and Bogolyubov, an approach
took shape according to which the investigation of certain typicality properties of a trajectory for
a DS of general type reduces to the analysis of analogous characteristics for minimal (topological
typicality) or uniquely ergodic (typicality in the measure-theoretic sense) dynamical systems. A
dynamical system possessing both these properties is called strictly ergodic.*

4.1. Minimality, unique ergodicity and topological entropy
4.1.1

All trajectories of a minimal system are recurrent in the sense of Birkhoff (almost periodic). A
minimal system need not be uniquely ergodic. Furstenberg [21] constructed an example of a
minimal system with h(T") > 0.

4.1.2

Within the combinatorial approach to problems of ergodic theory, many authors (see [17] and
references in [8]) have given constructive examples of minimal or strictly ergodic systems. The
final result, due to Grillenberger 23], is the following: for any number h < log N there exists a

constructively describable sequence w € Ay such that the DS (O(w), o) is strictly ergodic and
h(o | O(w)) = h.

4.2. Regularity, entropy of a point in the sense of Kamae, combinatorial en-
tropy of a trajectory

4.2.1

In the case of a DS of general type, the analogue of the notion of unique ergodicity is the
notion of p-regularity. By definition, a point z is called p-regular if Vp(x) = {u}. Of course,
hr(z) = h,(T) for every p-regular point z. For an ergodic measure, Bowen [19] showed® that
hT [ My) = hy(T).

“In terminology we follow [20]; in [12] it is somewhat different.
®Here the quantity h(T | M,,) is understood in the sense of [19].
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4.2.2
By the Dinaburg-Goodwyn theorem,
hr(x) < h(T | O(x));
thus the Kamae entropy does not exceed the combinatorial entropy. The example of the sequence

wo :p00p100p2000 ...pkO...O,
2k

where py, is the k-th binary word, provides an example of a point of the symbolic DS (Ag, o) for
which this inequality is strict. Indeed, it is not hard to check that hy,(wp) = 0. On the other
hand, O(wp) = As and hence h(o | O(wp)) = log 2.

At the same time we have obtained an example of a trajectory that is quasi-random in the
sense of Alekseev [1| and yet deterministic.

For any trajectory of a strictly ergodic DS,

WT | O()) = hr(x) = h(T).

In conclusion we note that the notion of a u-regular point first appeared and is used fruitfully
in number theory. An ergodic treatment of a number of problems in analytic number theory can
be found in the monograph of A. G. Postnikov [13].

4.3. Algorithmic complexity of a trajectory
4.3.1
By the remark to Proposition 3.6,

K(2,T) < h(T | O(x))

for any z € X, i.e. the complexity of a trajectory does not exceed its combinatorial entropy; this
inequality can be strict (see Example 4.3.2 below). Thus, if a DS is not “quasi-random” in the
sense of Alekseev (i.e. if h(T') = 0), then the complexity of every trajectory equals zero.

In conclusion we note that in the case of a symbolic DS the complexity and combinatorial
entropy are related by (A. A. Brudno, see [1, Theorem 5.4])

h(o | O(w)) = limsup(1/n)K ((c"w)™).

n—o0

4.3.2

By Theorem 3.2 the complexity of a pu-regular trajectory does not exceed the entropy with
respect to the measure p, i.e. K(x,T) < h,(T). We show that this inequality can be strict.
Indeed, let

w; = 0.1.01.10.11.000. . . .,

i.e. all finite binary words are written out in a row. It is well known that wy € M,,. Here m
is the uniform Bernoulli measure, hence hy(w;) = log2. On the other hand, it is not hard to
construct a computable function Ay that recovers the binary word w} from the number n. We

obtain:
logn

K n
K(w;) < lim Ko () < lim

n— 00 n n—oo n

=0.

Thus, there exist trajectories which are non-deterministic in the sense of Kamae with zero
complexity, and the set X; \ W from Proposition 3.20 may be non-empty.
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4.3.3

A stronger result also holds. Since the construction of the sequence w in the example of Gril-
lenberger mentioned above is constructive, K(w) = 0. By the arbitrariness of the choice of the
number A in this example we see that a trajectory need not be typical, in the sense of complex-
ity, even for the strictly ergodic system it generates, and that the function K (x,T) need not be
constant on such a system.

It is appropriate to introduce the following

Definition 4.1. A point € X will be called p-complex if p € Vp(x) and K(x,T) = h,(T).

4.4. Complexity and randomness
4.4.1

Here we shall consider the connection of the notion of complexity of a trajectory, introduced in
4.3.2, with the notion of randomness in the sense of Martin-Lo6f, generally accepted at present.
We briefly dwell on the definition of this notion (considering, for simplicity, the space Ay).

A test is a family of sets ¢ = {Cj};cz+ constructively describable and satisfying the condi-
tions:

1. Co 2C1 2.
2. each Cj is sequentially open;
3. w(C;) <27 for each i € Z+.

The set R. = (\;cz+ Ci by definition consists of the sequences which do not pass the test c. In
[25] Martin-Lof showed the existence of a universal test c¢o such that R, C R, for any test c.
Sequences w ¢ R are proposed to be called p-random.

In [11] it is shown that under some natural assumptions all probability-theoretic laws hold
for sequences random in this sense. Therefore the equality K(w) = h,(o) is (by Theorem 3.1)
a necessary condition for randomness of w with respect to the measure p. We show that this
condition is not sufficient. Let m be the uniform Bernoulli measure on As, and let the point wyg
be m-complex and m-random. Define a sequence @ = {@(i)};cz+ as follows:

Bo(i) 0, ifi =2%(k=0,1,2,...)
wo(i) =
0 wo(i), otherwise.

Obviously V,(&g) = Vi (wp). Furthermore, let A" = A’(p) be an a.opt.f. whose value on words
p = P1pe is obtained by successively inserting the letters of the word p; into the word A(p2) at
the positions numbered 2% (i = 1,2,...,1(p1)). Then for all n,

KA/(&Z}) < KA/(wg)—l—2+210gn.

Therefore,
K(wg) > K(wp) =log2, ie. K(wg)=log2.

Thus wq is also m-complex. However, it is not difficult to verify that the family of sets
¢ ={Ci}iez+, where C;={we Ay:w(2¥)=0for k=0,1,...,i— 1},

is a test. Since the sequence Wy € R,, it cannot be m-random.
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Conclusion

In contrast to the preceding material, the conclusion does not contain mathematically rigorous
results. Its goal is to state, at an intuitive level, the author’s attempt to find a general ap-
proach to the consideration of various characteristics of a dynamical system that are, in some
degree, related to questions of complexity. The considerations adduced below, which may seem
disputable, allow one to regard all results of the present work as a single whole, connecting the
theory of algorithms with the theory of dynamical systems.

The main connecting link is the following

Thesis. FEvery entropy characteristic of a dynamical system is some algorithmic function
effecting the encoding of a finite segment of o trajectory of the dynamical system into a binary
word. In so doing, the numerical expression of this characteristic is the asymptotics of the
amount of information (measured in bils/symbol) necessary for recovering, with the aid of this
function, any trajectory among one or another class of trajectories.

We give some considerations in support of this thesis (restricting ourselves — which is not
very essential — to the case of a symbolic system).

In Proposition 1.12 a function constructed by Shannon is given which performs the encoding
of p-almost any sufficiently long trajectory using h,(o) bits/symbol. The restriction “almost
any” here arises naturally from the insensitivity of the metric entropy to the behavior of the
system on a set of measure zero. The second restriction — on the length of the trajectory — is
an inevitable consequence of any algorithmic approach, since at fixed lengths one would have to
take into account too many particularities which do not affect the asymptotic behavior.

In the general case (without restrictions on the measure) contained in Proposition 1.12, the
same result is obtained if one uses the frequency-encoding function A* constructed in Lemma 1.9.

Thus, h, (o) bits/symbol is the amount of information necessary and sufficient for recovering,
by means of the function A*, almost any trajectory of the DS (2, 0).

We turn now to topological entropy. The computable function (which we shall denote by
AT) constructed in the proof of Lemma 2 of [3] allows one to assert in turn that the amount of
information necessary and sufficient for recovering any trajectory of the system by means of the
function AT is h(T) bits/symbol.

It is clear that in the case of entropy characteristics of individual trajectories one must recover
only that trajectory itself. Omne can say that a simple modification of A* will lead us to the
entropy of a point in the sense of Kamae (as is done, for example, in the proof of Theorem 3.2),
and the combinatorial entropy of a trajectory is obtained by a certain transformation of the
function AT,

Finally, the very definition of algorithmic complexity of a trajectory corresponds to an asymp-
totically optimal function; Schnorr in [16] showed how, following this idea but not averaging over
the length of the trajectory, one obtains sequences random in the sense of Martin-Lof.

We can now explain the nature of Examples 4.2.2, 4.3.2 and 4.4.1. The first of them is an
example of a dense trajectory with pathological statistical properties. Hence this trajectory,
typical for the function A7 and consequently quasi-random, is trivial from the point of view of
the function A* and consequently deterministic (since hy(wg) = 0).

The sequence wi in Example 4.3.2, by its statistical properties, does not differ from other
regular sequences; therefore h,(w;) = log2 (non-determinacy). However it is describable if one
knows binary arithmetic, and therefore its complexity with respect to an asymptotically optimal
function equals zero. In Example 4.4.1 it is shown that averaging over the length of a trajectory,
which does not affect the p-complexity of the trajectory, may affect its membership in the set
of p-random trajectories.
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